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Abstract 

Let /i be a probability measure with an infinite compact support on R. 

Let us further assume that is a sequence of orthogonal polynomials 

for where is a sequence of nonlinear polynomials and Fn := fn ° 

• • • o /i for all n € N. We prove that if there is an so € N such that 0 is a 
root of for each n > sq then the distance between any two zeros of an 
orthogonal polynomial for ^ of a given degree greater than 1 has a lower 
bound in terms of the distance between the set of critical points and the set 
of zeros of some Fk- Using this, we find sharp bounds from below and above 
for the infimum of distances between the consecutive zeros of orthogonal 
polynomials for singular continuous measures. 
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1 Introduction 

In the last ten years, there has been an explosion of interest in spacing of the zeros 
of orthogonal polynomials on the real line. For probability (unit Borel) measures 
having a non-trivial absolutely continuous part (with respect to the Lebesgue 
measure on R), there are many results (see e.g. [a[Ti[T5iiia[2ii25]) concerning 
the fine structure of the zeros of orthogonal polynomials. Simon-Kruger, in |13] . 
discuss the zero spacing of the orthogonal polynomials for the Cantor-Lebesgue 
measure of the Cantor ternary set. To our knowledge, there was no prior work 
except |13j on the structure of zeros for the purely singular continuous measure 
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case. Here, our main aim is to give some examples of singular continuous measures 
for which the minimal distance between the consecutive zeros of the associated 
orthogonal polynomials can be approximated accurately. 

Throughout, measures that we consider are probability measures, unless spec¬ 
ified otherwise, with a compact support in C and we set N = {1,2,...} and 
No = N U (Oj. Let /r be a measure with Card(supp(/x)) > n > 1 for some n G N. 
Then for each to G N with to < n — 1, the monic polynomial Pm(s A*) of degree to 
satisfying 

Il^rn(-;M)IIL(C./.) = „ inf [ \Qm{z)\'^dfi{z)>0, 

r m J 

is called the m-th monic orthogonal polynomial for p,. Here, || • ||L 2 (c,/i) is the 
standard norm in L 2 (C, a*) and Vm is the set of all monic polynomials of degree 

TO. 

Let us suppose that ^ is a measure with an infinite support on K. If we let 
At) = 0 and Po{x\ /r) = 1 then there are two sequences and ( 6 n)^i 

such that for n > 0 we have 


xPn{x;fi) = Pn+i{x;fi) + bn+iPn{x; fi) + alPn-i{x; n) 

where a„+i > 0 and 6 „+i G K. The coefficients are called the re¬ 
currence coefficients associated with Both {an)'^=i and are bounded 

sequences. Conversely, if we are given {an,bn)^^i where {an)'^=i and {bn)^^i are 
bounded sequences with > 0 and G M, then as a result of the spectral the¬ 
orem there is a unique measure a* such that the associated recurrence coefficients 
are For a deeper discussion of the theory of orthogonal polynomials 

we refer the reader to EH [24]. 

The plan of the paper is as follows. In Section 2, we briefly summarize recent 
results from Elia and well-known facts on the orthogonal polynomials associated 
with discrete measures. In Section 3, we discuss spacing of the zeros of orthogonal 
polynomials for fairly general measures. In the last section, we focus on the zero 
spacing of orthogonal polynomials for the equilibrium measure of the Cantor set 
K ( 7 ) which was introduced in [12] . 


2 Preliminaries 

For the basic concepts of potential theory, we refer the reader to [18]. Convergence 
of measures is considered in the weak star topology. For a compact set IF C C 
with the logarithmic capacity Cap(iF) > 0, we denote the equilibrium measure of 
K by pK- 

Let {fn)^=i be a sequence of nonlinear polynomials. Throughout, for each 
n G N we use the following notation; fn{z) = ■ z^ where > 2, 

an,j G C for j = 0,..., and an,d„ ^ 0. The composition /„ o /„_i ••• 0/1 will 
be denoted by Fn and r„ is used to denote the leading coefficient of The 
normalized counting measure on the roots (counting multiplicity) of Fn{z) — a = 0 
is denoted by where a G C. 
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The next result is a more general version of Theorem 3.3 in [3] and implies 
Theorem 2.8 of [2]. In these theorems the limit sequence is the equilibrium measure 
of some prescribed set. 

Theorem 2.1. Let (/n)5^i he a sequence of nonlinear polynomials. Suppose fur¬ 
ther that there is an a £ C such that —>■ /r as n —>■ oo where p, is a probability 
measure and supp(/i) is an infinite compact set in C. Then we have the following 
identities: 

(a) Pi{z; p.) = z- -^-. 

«! ai,di 

(b) Pd,...dAz\h) = - 1 for all I S N. 

Ti \ di+1 ai+i,d,+i / 

Proof. The proof is almost same with the proof of Theorem 3.3 in [3]. In the proof 
of Theorem 3.3 omit the first line, replace the equilibrium measure of >/(/„) by p. 
where it is necessary. Then we have the proof of this theorem. □ 

In the last section, we focus on a concrete family of measures but the techniques 
used in the last two sections are applicable to some extent for many other measures 
supported on R provided that the associated orthogonal polynomials satisfy (a) 
and (b) of the above theorem. For a systematic way to construct such measures 
we refer the reader to Section 4 in [5]. 

If ^ is a measure with an infinite support on R then the zeros of Pn{-] h) are 
simple and real. We enumerate the zeros -Pn(-;/r) so that they 

satisfy 

Xl,n{h) < < ■ < Xn,n{h)- 

Define a:o,rt(/r) as the leftmost point and Xn+i,n{p) as the rightmost point of 
supp(^), respectively. Then (see e.g. (2) in p. 358 of [8] and Theorem 2.3 in 
[24]), for 1 < f < n, Xi^n(,h) G (a^o.n,a^n+i,n)- The next theorem (see for example 
Proposition 1.10 in |5] for a proof of it) will be used many times in the subsequent 
sections. 

Theorem 2.2. Let X be a measure with supp(A) = {ci^r}i C R where r G N 
with r > 1 and i = l,...,r provided that ci^r < C 2 ,r < ■•• < Cr^r- Then, the 
zeros of Ps{-;X) lie in (ci^r,Cr,r) and they are real and simple where 1 < s < r. 
Moreover, in each interval Cj+i,r] there is at most one zero of Ps{-;X) where 
j G {l,...,r- 1}. 

We can reduce the infinite support case to the finite case by a classical tech¬ 
nique. By doing that, we can use results such as Theorem 12.21 which are valid for 
discrete measures. Assume that /i is a measure with an infinite support on R and let 
r G N. Then there is a unique measure pF) with supp(/i*^’'^) = {a; : Pr{x; p) = 0} 
such that for any polynomial tt with deg tt < 2 r — 1 we have 

f Tr{x) dp{x) = [ n{x) dp^^\x). 
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In particular, 


= ( 2 . 1 ) 

holds for all 1 < s < r provided that r > 1. See Theorem 2.5 in [53] for the proof. 

3 Some general results 

For a measure having an infinite support on R, let Zn{n) := {x : Pn{x; = 0} 
and F„(^) := {x : = 0}. For n > 1 with n S N, we define by 

Mnifi) := ^inf \x — x\. 

X,x' ^Zn{^) 
x^xf 

If supp(/r) is a Cantor set on R then the maximal distance between the consecutive 
zeros of any associated orthogonal polynomial is not so interesting since this value 
is bounded below (see e.g. (iii) in p. 358 of 0) by the half of the length of the 
largest gap of supp(^). We only discuss M„(-) here. By d{A,B) we mean the 
Euclidean distance between the sets A,BcC. 

Proposition 3.1. Let ^ be a measure with an infinite support on R. Then for 
any fixed /, m, n G N with I > m > n > 1, we have 

d{Zi{p,),Zjn{p.)) = inf \Xiy{fi) - Xj^rn{d)\ < Mnin). 
l<i<l 
l<j<m 


Proof. Let be defined as in Section 2. Then using m and Theorem 12.21 for 
A = r = I and s = to, we have xi.i{fj,) < xi^mifjf < Xm,m{tt) < xiy{fj,). By 
using Theorem 12.21 for A = r = m and s=n in a similar manner, we see that 

< Xi ,771 id) ^ ^m,m ifi) < Xi^iip.) (3.1) 

holds for alH G { 1 ,..., n}. 

Assume to the contrary that for some i G {1,... ,n — 1}, [xi^nip)^ ^i+i,n{p)] 
does not contain an element from one of the sets Zfifi) and Without 

loss of generality, suppose that Zm{p) H [a:i_„(/r), Xi+i^„(/x)] = 0. Hence, by (13.11) . 
[xi,n{p),Xi+i^nid)] is contained in (xj^mip), Xj+i^mid)) for some j G {1,... ,to- 1}. 
This can not be true since by Theorem 12.21 [xj^m{,d)^Xj+i^rnid)] rnay contain at 
most one zero of Pn{-] = Pn{-;p). This gives the desired result. □ 

Theorem 3.2. Let p, be a measure with an infinite support on R and let {fn)’^=i 
be a sequence of nonlinear polynomials. Assume further that there exists an sq gN 
such that //(O) = 0 for all I > sq and Pdi...dm{‘j d) = Fmi-)/xm holds for all to G N. 
Then for all k, k' G Nq with k > k' the following holds: 

d{Zd^...dsg+k (/r)i id)) — d{Zdi...dsg+k {T)^ id))- 
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Proof. Let us fix k and k'. If fc > fc' + 1 then for any z € C, 


= F'sa+k{z) / T,„+k 


— ((/so+fc O fsQ+k — l o ■ ■ ■ O /sg_|_fc/_|_i) O Fsg+k') {z)/TsQ + k 
_ Fg^_^_k'{z) ■ {fsg+k O fsg+k-l o • • • O fgg^k' + l) {Fso+k' {z)) 


Tso+k 


(-^so+/c^ ^'^so.\-k'.\-l ^ FsQ-{-k'') ^fSQ-{-k ^ ®^SQ+fc'+2) (^so+/c^ + l ®-^SQ+fc^))(^) 


"^so+fc 


holds. Since fg^^k'+iW = 0; this implies that 

C ydi...ds^^ + k{^d), 

as Pdi...d^^^^,iz;fi) = Fg„+k'iz)/Tga+k'- li k = k' + 1 then 


Fdi...dsfj + k 


Fgg+k'i^) ' ifso+k' + l ° Fso+k'){z) 


'^so-\-k 


and C Yd^,,,d,^^k{n) similarly. Thus, we have 

^i^di...ds^+k ik‘\ ...ds,,^.fc (A^)) ^ ^{Ydi ...da^.kkik'')^ ^di...d^^_^f./ (A^))- 


□ 


The next proposition gives an upper bound for Mn{^J,). 

Proposition 3.3. Let ^ be a measure with an infinite support on M and AeA n £ N 
he given. Then for any r £ N satisfying r > 1 and r > n, we have 

Mr{p) < inf \Xi+2,n{kl) - Xi^niiAV (3.2) 

0 < 2 <n—1 

Proof. For r = n, (lO) follows from the definition of Mr (id). So, let us pick an 
r £ N with r > n. 

Let j £ {0,..., n — 1} be chosen so that 

\Xj+2,n{h') - Xj,n{h)\ = inf \Xi+2,n{h') “ Xi n{tJ-)\- 
0<i<n—l 

There are two cases to consider. 

First, assume that Xj^nip-) = XQ^nip) or Xj+ 2 ,n{fd) = Xn+i^n{fd) holds. Let 
Xj,n{fd) = xo,nifd). Using Theorem 12.21 for A = fj,F)^ have 

XQ^n{,ld) ^ ^l,r(A^) ^ Xx^ni^pfj <i. Xr.r^pfj (/i). 

If we use Theorem IQ for A = we see that [xi^r{pi),X 2 ,r{k)\ may contain 
at most one element from {a:i_„(/i),... ,a:n_„(/i)}. Therefore, Mr{fd) < |a; 2 ,r(A^) — 
a^i,r(A^)| < |a^ 2 ,n(A‘) — a;o,n(A^)|- For the case, j + 2 = n + 1, a similar argumentation 

shows that Mr{p) < \Xr,r{td) - Xr-l,r{td)\ < \Xn+l,n{td) - Xn-l,n{td)\. 
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Now, let us assume that Xj^n{p) xo,n{fJ-) and Xj+ 2 ,n ^ Xn+i,n- Using Theo¬ 
rem [2^ for A = we have 

^ ^ ^_ 7 -t-l,n (m) ^ ^_ 7 -t- 2 ,n (/^) ^ ^r,r(A^)- 

Thus, there is a fci S N with 1 < ki < r such that Xki,r{k^) S a;j+i_„(/i)] 

because otherwise there is an i G {1,... ,r — 1} such that Xj+i_„(/i)] C 

(xi^r{k), Xi+i^r{k^)) and this would imply that [xi^r{k), a^i-i-i.r(M)] contains two zeros 
of P„(-;which is impossible again by Theorem 12.21 Assume to the contrary 
that Xki,r{k) is the only zero of Pr(-]^i) in [xj^n(,k^),Xj+ 2 ,n{k)]- This implies that 
(xki-i,r{k),Xki+i,r(,k^)) contains at least three zeros of Pn{-; ^j.) but this is im¬ 
possible by TheoremOas [xk^-l,ri^J■),Xkl+l^ri^J■)] = [xk^-l,ri^J■^'''‘),Xk^+l,rifJ■^'''‘)] 
may contain at most 2 zeros of P„(-;if we let A = /rU). Hence there is a 
fc 2 G N with 1 < ^2 < r and k 2 ^ fci such that Xk 2 ,r{p) G [xj^n{,k-)^Xj+ 2 ,nifJ')]- 
Thus, Mri^J.) < \xk 2 ,r{fJ') — Xki,r{fJ')\ < \xj+ 2 ,n{tj) — Xj^n{tj)\- This shows that (13.21) 
holds. □ 

4 Zero spacing of orthogonal polynomials for a 
special family 

In this section, we study the spacing of the zeros of orthogonal polynomials for 
PK{-y) where if ( 7 ) is a Cantor set introduced in |12) . 

The construction and results in this and the next paragraph can be found in 
[12]. Let, here and in the sequel, 70 := 1 and 7 = ( 7 fe)^i be a sequence satisfying 
0 < 7 fc < 1/4 for all fc G N provided that 2 “^log(l/ 7 fc) < 00 . We define 

{fn)n=i by hiz) ■= 2z{z - l)/ 7 i -f 1 and fniz) := z‘^t{2'yn) + 1 - l/(27n) for 
n > 1. Let Eq := [0,1] and := 1, Ij) where F„ stands for /„ o • • • o as 

in Section 2. Then, En is a union of 2" disjoint non-degenerate compact intervals 
in [0,1] and C Un-i for all n G N. It turns out that, K{'y) := D^qPs is a 
non-polar Cantor set in [0,1] where {0,1} C 

Let us look more carefully at the construction. We denote the connected com¬ 
ponents of En by Ij^n and the length of by Ij^n for j = 1 ,.. . 2 ", call these 
intervals as basic intervals of n-th level, define aj^n and bj^n by [ci-j,n,bj^n] ■= Ij,n- 
Let /i^o := Eq and > aj^^n if ji > 32 - Then we have / 2 j-i,n-i-i U J 2 j\ri+i C 
for all n G No where 02 ^- 1 ,n-i-i = Oj.n and b 2 j,n+i = bj^n- Denoting the gap 
„+i, 02 j,„+i) by Pj,n) for 1 < J < 2” and n G Nq, it follows that 

if(7) = [0,l]\(U“o Ui<,< 2 n 

Using Theorem 11 in m, we see that PE„{Ij,n) = 1 / 2 " for all 1 < / < 2 " and 
n G Nq. Furthermore, PEk{Ij,n) = 1/2" for fc > n since Ij^n C Ek consists of 2^“" 
basic disjoint intervals of fc-th level. Since {Ek)‘^^Q is a decreasing sequence of sets 
with (I^qEs = K{'^), by part (ii) of Theorem A.16 in [50] (see also the proof of 
Corollary 3.2 in [I]) , it follows that px{'y){Ij,n) = PK{-y)i.Ij,n = 1/2". The 

last in particular implies that pif(.y)([0, rj) G Q for all r G M with r ^ K{j). 

It follows from the definition of equilibrium measure that supp(p^(.^)) C K{'j). 
We also have K{'y) C supp(pif(..y)) since for any x G K{'j) and e > 0 the open 
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ball B^{x) contains a basic interval Ij^n- From the above paragraph PK(-y){Ij,n H 
K{^)) > 0 and therefore K{'y) = supp(pif(-),)). 

In [2], it was shown that Pdi...d^{z-, pK{-y)) = P 2 ^iz-, Pk{j)) = Fmiz)lTm for all 
m G N. Moreover, the recurrence coefficients have a simple form by Theorem 4.3 
in [5]. Let us denote the Lebesgue measure on the real line by | • |. By lemma 
6 in [H], |supp(pif(.y))| = \K{j)\ = 0 if 0 < 7 fe < 1/32 for all fc £ N. Using 
spectral theory techniques developed for orthogonal polynomials this result was 
generalized in [5] . If 7 satisfies 0 < 7 fc < 1/6 for all fc then, by [5] , lim inf a„ = 0 
where is the sequence of recurrence coefficients for PK('y)- The last, by [5], 

implies that PK('y) Fas no non-trivial absolutely continuous part. Using the fact 
that 1 ^( 7 ) = supp(pif(.y)), we see that Pk{-^) is purely singular continuous provided 
that 0 < 7 /c < 1/6 for all fc G N. Moreover, since |supp(p;i-(.y))| > 0 guarantees 
that (see [16] and Section 1 of [17]) Pk('i) has a non-trivial absolutely continuous 
part, 11 ^( 7 ) I =0 holds true for such a 7 . 

Conversely, if 7 = ( 7 fe)^i satisfies \/(l - 47 ^,) < 00 then |iF( 7 )| > 0 by 

[3]. This was actually shown for the stretched version 1 ^ 1 ( 7 ) of 1 ^( 7 ) but the same 
condition is valid for In the proof and the statement of Theorem 6.2 in [3], 

if we take Zq = 1/2, = 1/4 — 7 *, and put instead of Ki{j) then we have 
the condition that makes K{'j) a Parreau-Widom set. At the end of the paper we 
return this condition and discuss it in a slightly more detailed way. 

For a given sequence 7 = fi has two inverse branches vi^i,V 2 ,i '■ 

[—1,1] —>■ [0,1] with = 1/2 — (l/2)-^l — 271 -I- 271 1 and V 2 {t) = 1 — vi{t) 

where {fn)^=i is defined as in the beginning of this section. For each n > 1, 
fn has two inverse branches vi^n,V 2 ,n ■ [— 1 , 1 ] —t such that vi^n(t) = 

\/l - 27 „ -b 2"fnt and V 2 ,n(t) = -wi.„(t). Note that ui,„([-!, 1]) nu 2 ,n([-l, 1]) = 0 
for all n £ N. By the fundamental theorem of algebra, for each a £ C, F„(z) = a 
has at most 2 " different solutions and therefore {uqqo- • ■ ovi^^n}in^{i, 2 } gives the 
total set of inverse branches of = /„ o • • • o on [—1,1]. In addition to this, 
for each there is a unique choice of q £ { 1 , 2 } for 1 = 1 ,..., n giving o 
• • • o U„.n)([- 1 , 1 ]) = Ij,n and i n parti cular o vi ^2 • • • o !])■ 

Now, let u(t) = 1/2—(l/2)-v/l — 4t for 0 < t < 1/4. Then (uqqo- • •oui„^n)(t) = 
51 ( 71 - 52(72 ■ for all t £ [-1,1] where gi=uiiii = l and gi = l-u 

if q = 2 for 1 = 1,..., n, and t = ( 7 ^ — 7„f)/2 . This last representation of inverse 
branches, which was used also in Section 3 of [12], simplifies the calculations since 
we have only two functions u and 1 — it instead of 2” different functions. The 
function u has a couple of nice properties that we will exploit many times. The 
last two of them are from [ 12 ]. 

Proposition 4.1. The following hold: 

(a) u and u' are strictly increasing. In particular, u is strictly convex. 

(b) Un := 11(71 • 11(72 • • ■7n-i • ii( 7 „))) = (1 — cos ( 7 r/ 2”))/2 for all n € N where 
we take 7 ^ = 1/4 for all k. The number (1 — cos ( 7 r/ 2"))/2 is the leftmost 
critical point of Fn{z) and Fniz^jrn = 2“^ T 2 r<.{flz— 1) by Example 1 of 
where T 2 n is the 2'^-th monic Chebyshev polynomial of the first kind. 

(c) u{at) < au(t) for all 0 <t < 1/4 and 0 < a < 1. 
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(d) u(t)^/l — At < t for 0 <t < 1/4. 

Next two lemmas easily follow from the properties mentioned in this section 
and the theorems from the previous one. 

Lemma 4.2. Let 7 = (7fe)^i be given. For all n G N, we have 

d{Z 2 r>{pK(j)),Y 2 r>{pKi~f))) > 

inf O • • • O Vi^^n){t) - o • • • o Ui„,„)(0)| = 

7e{i.2} 

te{-i.i} 

inf \gi{li •ff2(.--7n-i • 5 n(i))) - fo( 7 i •52(.--7n-i • g„(7„/2)))|. 

tG{0,7„} 

Proof. Let us choose an n G N. Note that, \Fn{z)\ > 1 for all z satisfying 
P 2 ^{z;Pk{j)) = Ff{z)lTri = 0. Moreover = [-1,1] and thus Y 2 r^{pK(~i)) n 

Ij,n = 0 for each 1 < j < 2 ". This implies that d{xj^2''{pK{'y))^Y2^{pK(-y))) > 
d(a;j,2" (pif(7)), {oynj Hence, the first inequality holds. The second one 

follows from the definition oi gi. □ 

Lemma 4.3. Let 7 = (7fe)/Ti and r G N be given. Then, for any k G N with 
r > 2'=, 

^r{pK{'y)) — ^ l^^+2,2^ (PiC(7) ) ^i,2^ (P/C(7) ) I 

< |a^ 2 , 2 '“(Pif( 7 )) “ 2 ;Q_ 2 fc(PiC( 7 ))| 

< li^k-l, 

holds. 

Proof. By using Proposition 13.31 for p = PKi-y) and n = 2 ^^, it can be seen that the 
first inequality holds. The last one holds true since [a;o,2''(Pif(7)))2:2,2''(Pif(7))] = 
[0,X2,2''(pk(7))] C for all fc G N. □ 

Now, let us prove an auxiliary result which is an analogue of Lemma 5.2 from 
[3]- For a given 7 = (7fc)^i, we denote the product 70 • • • 7n by Sn for n G Nq. 

Lemma 4.4. Let 7 = (7fc)^i be given. Then 


5s < li,s < ^ • <5s (4-1) 

holds for all s G Nq. 

Proof. For s = 0, m holds trivially. So, let s > 1. Observe that 

h,s = ^(71 • '“(72 • • ■ 7s-i • u{ls))) - m(7i • u(j2 ■ ■ ■ 7s-i ■ u(0))) (4.2) 

= u(7i •u(72...7s-i-^{78))) (4.3) 

= u((47i) ■ (1/4) • u((472) • (1/4)... -fs-i ■ u{{4,-fs) ■ (1/4)))) (4.4) 

< Y5.sUs. (4.5) 
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The three equalities above are straightforward and the last inequality follows from 
the parts (5) and (c) of Proposition 14.II Since 1 — cos a; < a:^/2 for all x S [0,oo), 
we have 

17s = (1 — cos (7r/2'’))/2 < (4“'’7r^)/4. 

Using this and (14.51) . the right part of (14.11) follows. Using (c) in Proposition 14.11 
it is elementary to see that 5s < u(^i ■ u{'j 2 ■ ■ ■ 7s-i • uils)))- This and (14.31) gives 
the left part of (IQ) . □ 

The next lemma will allow us to find a lower bound for Mn{p{K('y))). 

Lemma 4.5. Let 7 = {'yk)kLi 5e given. Then for any choice of gi € {u, 1 — u}, 
i = 1,... ,n, we have 

_ inf I51 (71 •g2 (--- 7n-l ■5n(l))) -51(71 ■52 (--- 7n-l •5n(7n/2)))| > 
te{o.7„} 

> m( 7 i • m( 72 • . . . 7n-l ■ w(7„/2))) > > Sn+l- (4.6) 

Proof. Let n G N be given. Then > 5n+i by Lemma WM Since u{t) < 1/2, 

we have 7„ • u(7„+i) < 7n/2. Using the part (c) of Proposition 14.II we see that 

m (71 • m(72 . . .u(7„/2))) > 11(71 • 11(72 . . .7„ • ll(7n+l))) = ll.n+l 

holds and thus the second inequality in (14.61) follows. 

In order to prove the first inequality in (14.6|) , it suffices to show that for a given 
c G [0,7n/2], and gi G {11,1 — 11}, i = 1,..., n, the following inequality holds: 

|5l(7l ■ • ■ 7n-r5n(c+7n/2))-5l(7l ■ • ■ 7n-r5n(c))| > u(7rM(72-- • ■ In-ruiln/"^)))- 

(4.7) 

Let 

qn+l-k ■■= gkirik ■ 5fc+l(- • ■ 7n-l • 5n(c + 7n/2))), 

tn+l — k gkiPk * 9k+l (■ ■ • 7n—1 ’ 5n(c))), 
r„+i_fc := ii(7fc • ii(7fe+i ... 7„_i • ii(7„/2))), 

Sfe := \qk — tk\, 

for /c = 1,..., n. If n = 1, s„ > r„ since from the strict convexity of u we have 

l5i(c + 7 i/ 2) - 5i(c)| = u{c + 7 i/ 2) - 11(c) > 11(71/2) - ii(0). (4.8) 

Suppose that n > 1. We want to show that > r^. Let us proceed by induction. 
For A: = 1, Sfe > rfc by (14.81) . Suppose that the induction hypothesis holds for all 
k = 1,... m provided that m < n — 1. Using, the strict convexity of 11 in (14.121) 
and the fact that 11 is increasing in (14.141) we have 

Sm+l — |5m+l Atti-I-iI ('^■9) 

— \9n—m{'yn—m ' qm) 9n — m{p{n—m * tm)\ (^-1^) 


~ |'^('Tn—m ■ Q.m) '^{,'ln—m ' ^m)| 

(4.11) 

^ m * l^m ^m|) 

(4.12) 

— * ^m) 

(4.13) 


(4.14) 

= Tm-\-l ■ 

(4.15) 
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Hence, s„ > r„ holds if we take m = n — 1 above. This gives dUZl) and completes 
our proof. □ 


Eventually, we are ready to prove the main result of the paper. 

Theorem 4.6. Let 7 = ( 7 /c)^i and n S N with n > 1 be given. Furthermore, let 
s be the integer satisfying 2®“^ < n < 2®. Then 

TT^ 

<5s+2 < MnipKi'y)) < ■ Ss-2 (4-16) 

holds. In particular, if inf 7 ^ = c > 0 then we have 

k 

C^-5s< Mr,{pKi-y)) ^ ^ • '^®- 

Proof. First, let us prove (I4.16|) . Recall that for all m > 1, /^(O) = 0 and di = 2 
for all i S N. Using Theorem 13.21 for /i = PK(-y)j sq = s, k = 1 and k' — 0, we have 

d{Z2 s + 1 {Pk{j)), 4^2'>+i(Pa:(7))) < d(Z2B+l{pK{j)), Z2^{pK{~f)))- 

By using Proposition 13.11 for p = PK(-y), ^ = 2®+^, m = 2®, it can be seen that 

'^(^ 2 *+i(Pif( 7 )), ^ 2 *(Pif( 7 ))) < Mn{pK(-f))- 

Hence (Pif( 7 )))(Pif( 7 ))) < ^n[pK('y)) holds. By Lemma |4.2I and 

Lemma 14.51 the term on the left part of this last inequality is bounded below 
by i 5 s+ 2 . This gives the first inequality in (j4.16|) . 

Using Lemma 14.31 for r = n and fc = s — 1 and then Lemma 14.41 we deduce 
that 

Mn(.PK{-f)) < h,s-2 < (7’‘^/4)(5s_2. 

This completes the proof of (j4.1611 . 

Combining the first inequality of (j4.161) and the fact that < 7 s+i • 7 s+ 2 , the 
first inequality in (14.171) follows. Observe that 1/c^ > l/( 7 s-i ■ 'js- 2 )- Hence, the 
second inequality in (14.161) implies that of (14.17|1 . So, we are done. □ 

Remark 4.7. If there is a c with 0 < c < 7 ^ < 1/6 for all A: G N, then PK('y) is 
purely singular continuous. Moreover (|4.17p is satisfied and \K{j)\ =0 holds. 

If 7 = ( 7 /c)fci satisfies J2T=i \/(l - dyfe) < 00 then there is a c such that 
0 < c < 7 fc < 1/4 holds for all fc G N and K{'-f) is a Parreau-Widom set (see 
e.g. [7] for the definition) by [3]. Thus, (see [U [17] for the proof) PKij) and the 
Lebesgue measure restricted to K('y) are mutually absolutely continuous . Yet, 
(|4.17|1 gives a pretty accurate description of iMn{pK{'y)))^= 2 - 

For a 7 = ( 7 fe)^i with Ik < 00 , PKpy) and a special Hausdorff measure 

A/j defined in [T] are mutually absolutely continuous. In this case, K{'^) is of 
Hausdorff dimension zero (can be seen by using 2.3 in n) and we only have 
(l4T6ll . 
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The term plays an important role to characterize the smoothness properties 
of the Green function '"^itli pole at infinity (see Section 5 in [3] and my 

For an overview of the smoothness properties of the Green function for the com¬ 
plement of homogeneous Cantor sets, we refer the reader to [32]. It is unclear that 
whether there is, in general, a meaningful relation between the spacing proper¬ 
ties of orthogonal polynomials for px and the supremum of the Holder exponents 
making Holder continuous provided that if C M is a non-polar compact set. 

It seems that similar results to Theorem l4.6l can be obtained for the equilibrium 
measure of the Julia set J{f) C K. of a quadratic polynomial of the form f(z) = 
— c with c > 2. If we let fn = f for all n £ N then by Fniz) = P2n iz]pj (^f)) 
and /(j(0) = 0 holds. Besides, the inverse branches of / are f±{t) = + c and 

possibly they lead to similar calculations. 
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